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ABSTRACT 
The convex polytope of all stochastic and symmetric matrices is considered and its 
extreme points are determined. A method is given for counting these extreme points. 
1. INTRODUCTION 
A n • n matrix is said to be doubly stochastic (d.s.) if its elements 
are non-negative and the sum of the elements in each row and column is 
equal to 1. Denote by An the convex polytope of all d.s. matrices. A 
well-known result to Birkhoff [2] states: (i) every n • n permutation 
matrix is an extreme point of A,,, (ii) every d.s. matrix is a convex com- 
bination of permutation matrices. Both (i) and (ii) show that the n! 
permutation matrices are the extreme points of A,,. Part (i) is immediate 
and part (ii) can be deduced from a result of K6nig-Frobenius [2] which 
states that every d.s. matrix contains a positive diagonal, i.e., there exists 
a permutation 7rof the numbers from 1 to n such that a~(i) > 0, 1 ~ i ~< n. 
We consider the convex polytope /~, of all stochastic and symmetric 
matrices, i.e., the convex set of all matrices (x~j)~ the elements of which 
satisfy 
xi~ .~ 0, ~ x~j = 1, xi~- ~ xj~, i, j = 1, 2 ..... n. 
5=1 
Clear ly/ ' ,  C A, and we ask whether F ,  has extreme points other than 
the symmetric permutation matrices. The answer to this question is 
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positive. In our main result (Theorem I) \xc gixc a con.~truction off the ~ct 
of the extreme points of F , .  At the end (Theorem 2) \re gi\e a method for 
counting these extreme points and delernfine their number for F'~. ['~ 
and ['~. 
2. CONSTRUCTION OF rite SET ~.~, 0|: EXTREME P()INIS 
Consider a permutation ,-r of all the natural numbers from 1 to n and 
denote by P the corresponding permutation matrix. Clearly P is symmetric 
if and only if rr can be resolved into cycles of length 1 and 2 only. Let now 
~r cqa.e "'" % be a permutation of the numbers from 1 to n resotxed into 
its disjoint cycles and assume that at least one of its cycles c~ (ab... kl) 
is of length s > 2. We construct a matrix A of order s in the following 
manner. The positive elements of A are situated only in the places 
(a, b), (b, c) ..... (k, 0, (/, a) (l) 
(b, a), (c, b),..., (l, k), (a, l) (2) 
Let us assume first that s is even. Then for each c~, 0 < a ~:~ 1. we 
construct he matrix A A(c~, .2) of F~ in the following way. We put the 
number c~ into the places (a, b) and (b, a) of A. Hence we have to put 1 .x 
into the places (c, b) and (b, c). Continuing in this way, we see that the 
matrix A(a, c 0 is defined by having the value .~ in the places 
(a, b), (b, a), (c, d), (d, c) ..... (k, l), (l, k) (3) 
and the value 1 - -  e~ in the places 
(b, c), (c, b),..., (l, a), (a, l) (4) 
Hence we obtain 
A(cr, a ) -  ~Pf -~- (1  -- .~)P~', (5) 
where P / i s  a symmetric permutation matrix of order s having the ones 
in the positions (3) and P)' is a symmetric permutation matrix having the 
ones in the positions (4). The equality (5) shows that A0r, ~) is not an 
extreme point o f / '~ .  
We consider now the case in which the length s of the cycle e (ab ... kl) 
is odd. Choosing again c~, 0 < .~ < 1, and starting as in the former case, 
we put the value c~ into the places (a, b) and (b, a) of A ~ F'~. This time, 
however, c~ appears in the place (a, l) and also in the place (1, a), hence 
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= 1/2. For such a cycle c~ of odd length s > 1, we denote the matrix 
A(e, 1/2) by S(cr). 
LEMMA 1. S(c 0 is an extreme point o f  Fs . 
PROOF: Let us assume that 
s(~) = ~A + (~ - ~) 8 (6) 
where 0 < c~ < 1 and A and B belong to/ '~.  The matrix A cannot be a 
symmetric permutation matrix. For, suppose that A is a symmetric 
permutation matrix; then the corresponding permutation ~r(cr) of the 
numbers a, b ..... l contains cycles of length 1 and 2 only. But S(c 0 does not 
contain positive elements on the main diagonal. Hence ~(cT) contains 
cycles of length 2 only and thus the order s of A is even, in contradiction 
to the assumption that s is odd. 
As A ~/~ is not a symmetric permutation matrix, it follows that A 
contains a row, say row a, in which there are at least two positive lements. 
By (6) the row a of A can contain positive elements only in the places 
(a, b) and (a,/). Hence we have to put positive elements also in the places 
(b, a) and (l, a). Continuing this way, we see that A has positive elements 
exactly at the 2s places (1) and (2). But we have shown above that this 
implies that all these positive elements are of value 1/2; hence A = S(c 0 
and S(~) is thus an extreme point o f / ' , .  
After these preparations we now construct he matrices S(~r) of F,~ 
Let ~r -- c~ 1 . . .  o -  r be a permutation of the numbers from 1 to n resolved 
into its disjoint cycles. If (m) is a cycle of length 1, we put 1 in the position 
(m, m) (and therefore zeros in all other places of the m-th row and column). 
If cr is the cycle (ran), we put 1 in the places (re, n) and (n,m). 
If c~ = (ab "" k l)  is of even length, we put 1 either in all the positions (3) 
or in all the positions (4). (Hence in this case ~r does not define S(Tr) in a 
unique way.) Finally, ifc~ is of odd length, we put 1/2 in all the positions (1) 
and (2). Given n, we denote the class of these matrices S(Tr) by Z,,. 
LEMMA 2. Each S(rc) is an extreme point o f  F,~ . 
PROOF: The cycles containing the ones determine symmetric permu- 
tation matrices (of dimension equal to the length of the cycle). Hence 
they are extreme by virtue of Birkhoff's theorem and the odd cycles 
containing the halves cannot be written as convex combination of 
symmetric d.s. matrices, as we have shown above. As for each cycle cr of 7r 
the corresponding matrix is extreme in F~, it follows that S(n-) is extreme 
in F,~. 
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We conclude this section with some examples. 
n .... 3: The only extreme point of I':~, different fl'om the 4 symmetric 
permutation matrices is the following: 
1, 
ti i)l 
which corresponds to 7r -- (123). 
n - -  4 :  ( OOo Z) 
1 0 
1 
which corresponds to 7r --- (1)(234). 
/ /=5:  
(i ~ (i ~  ooo ! o o ~  , ~ o o  . o~o ooo  
~ o  oo l  
The first matrix corresponds to 7r (12534) and the second to 
rr = (1 2 3)(4 5). 
3. PROOF THAT EACH EXTREME POINT BELONGS TO ~,~ 
LEMMA 3. Each matrix A qf f ' ,  is a convex combination of matrices 
s(~) ~ 2,,. 
PROOF: By the result of K/Snig-Frobenius mentioned above, A possesses 
a positive diagonal al,,(i) > 0, 1 ~ i ~ n. Denote as above the resolution 
of ~r into disjoint cycles by rr -- a I "" ar and let S -- S(rr) be a corre- 
sponding extreme point. (If no cycle cr is of even length larger than 2, S(~-) is 
uniquely determined.) By the symmetry of A, to every odd cycle (r 
correspond the elements in the places (1) and (2). Denote by u the minimal 
element of them, the minimum being taken relative to all odd cycles ~ of rr 
of length larger than 1. Similarly, to every even cycle correspond elements 
ON THE EXTREME POINTS OF A CERTAIN CONVEX POLYTOPE 421 
of A in the places (3) or (4) and to every cycle of length 1 corresponds an 
element of A on the main diagonal. Denote again by t the minimum of all 
these elements, the minimum being taken relative to all the cycles of 
length 1 and all the cycles of even length. We distinguish between the 
following two cases: 
(a) t ~< 2u. Then 
A --  tS 
B- -  
1 - - t  
belongs to Fn and has at least one positive element less than A. It follows 
that A = tS -[- (1 -- t) B and the process can be repeated with B. If  t = 1, 
then u ---- 1/2 and on account of the minimality of u, A e Iv .  
(b) t > 2u. Then 
A --  2uS 
C- -  
1 - -  2u 
also belongs to f',~ and has at least two positive elements less than A. I f  
u = 1/2, then all the elements of A corresponding to the odd cycles tr of ~r 
are equal to 1/2 and, by the assumption t > 2u, rr does not contain cycles 
of length 1 or of even length. Hence u ----- 1/2 implies A e I , .  This con- 
cludes the proof. 
The Lemmas 1, 2, and 3 establish our main result. 
THEOREM 1. I~ is the set o f  all the extreme points o f  F .  . 
4. NUMBER OF EXTREME POINTS 
Our aim now is to count the extreme points of F , .  Following [1] 
we shall consider the class ~ of permutations having al cycles of length 1, 
c~z cycles of length 2, and generally ~i cycles of length i, where i takes all 
the odd values from 3 to n if n is odd, or to n -- 1 if n is even. Here we 
take into account he fact that all even cycles (ab ... k l)  of length larger 
than 2, by the transition from the positions (I) and (2) to the positions (3) 
and (4), were reduced to cycles of length 2. The numbers ~i satisfy the 
equality 
~l + 2~2 + "'" -t- no~n = n, if n is odd, 
and 
~1+2~2+'"+(n- -  1) o~n_l= n, if n iseven. 
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The number  of all distinct permutat ions of this cla~s is 
Jr! 
l qq!  2'e_~e! "" n~,,,,,! ' 
if/J i.', odd, 
and 
h~ "i~l&l ! 2 ~c~._,. "" (s -1),~ * .~,, 1- 
ii" n is exen .  
Now, every matrix S(~r), corresponding to the odd cycle ~r. by (I) and (2) 
corresponds also to the inverse cycle a ~. Therefore, to every class ,x 
correspond h~/2" extreme points, where p is the number  of odd cycles of 
length larger than 1, appearing in this class. Thus we proved the fol lowing 
THEOREM 2. The number o/'all the e.vtreme pohtls of F,, L; equal to the 
sum oJ'all Q/2 ~', corresponding to all the classes of permutations ~ described 
above. 
We have seen that F a contains 5 extreme points. We now count  the 
extreme points of F'a, f '~, and F 6 : 
~1 4 h, " 1 ~a 5 h,-= 1 
~ 2, :x 2 1 h~-= 6 % = 1, % 2 h~ 15 
% 1, %- -  1 h~/2 - -4  ~1 :-: 2, x a - 1 Q/2 10 
%--  2 h~- -  3 %- -  1, '~a- -  1 Q/2-- 10 
% 1, h.~/2 12 
~Y1 3, X 2 := 1 //~ : : l O 
% - -  6 h .  1 
C~ 1 4, :*2 1 h~ --  15 
% 3, % = I h~/2 = 20 
% ==2, %- -2  h~ =45 
O~ 1 "~ l ,  3., 2 --  1, % = 1 h~/2 -- 60 
% = 1, %- -  1 h~/2= 72 
~., 3 ha 15 
aa- -  2 h~/4--  10 
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We obtained 14 extreme points for F4,58 extreme points for/~a, and 
238 extreme points for F 6 . 
We conclude with the following remark. In [3], Mirsky determined the 
set of extreme points for the polytope of all doubly substochastic matrices. 
Using his methods it can be shown that the analogous result holds also 
for the polytope of all symmetric substochastic matrices. Denote by Zn ~ 
the set consisting of all the matrices of Z,~ and all matrices of Z,~ where 
some ones at symmetric places or on the main diagonal are replaced by 
zeros. Then Z,, ~ is the desired set of  extreme points. 
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